6 Section 1 — Number

Types of Number

First things first, here are some important terms that will crop up throughout A-Level Maths.
If you're clear on what they mean now, it’ll make A-Level life a lot easier.

Integers are just Whole Numbers

An integer is any positive or negative whole number (including zero).
The set of integers is represented by the symbol Z .

Rational Numbers can be Written as Fractions

1) A rational number is any number which can be written as a fraction with integers on
the top and bottom. Don't forget, any integer can be written as a fraction over 1.

2) The set of rational numbers is represented by the symbol ().
3) Both terminating and recurring decimals are rational.
of any non-square

4) A number which cannot be written exactly as a fraction is irrational. = s A
. . . . Integer ‘
Irrational numbers are non-repeating decimals, which never end. St 1

5) For example, w is a never-ending, non-repeating decimal (m =3.1415926535...).
This means that = is irrational.

UL T TECTTE 2
The square roots

\
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EXAMPLE: a) Is 0.6 a rational or irrational number?

0.6 is the recurring decimal 0.666666... Recurring decimals are rational — 0.6 = %

b) Is 5.26 a rational or irrational number?

5.26 is rational because it is a terminating decimal (5.26 =226 _ 26 )

100 50

All Rational and Irrational Numbers are Real Numbers

1) Any rational or irrational number is a real number.

2) The set of real numbers is represented by the symbol K.

3) There are also numbers called imaginary numbers. They’re not real numbers.
)

AN

Imaginary numbers are the result of taking the square root of a negative number.
It's not possible to do this with real numbers because the square of

a real number is always positive, so imaginary numbers are used in

these cases. You’ll learn about them if you do A-Level Further Maths.

Rational? Irrational? Whatever man — | just keep it real...

1) Are these numbers rational or irrational? Explain your answer.

a) 0.236849 b) 0.1478 c) V64 d) V3 e) 2m
2) True or false?
a) All integers are rational. b) A recurring decimal is irrational.
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Multiplying Fractions — just Multiply the Numbers

1) Multiply the numerators and denominators separately.
2) Make sure to turn any mixed numbers into improper fractions first.
3) Cancel the fractions down before you start multiplying if you can — it’'ll make things easier.

\lllllllllI\H\I\IIHHIH‘
I
EXAMPLE: Find 15 X 25, = Thisis 13210 g =gy
’IIHI\I||I\\HIHIIII\IH\
Write the mixed numbers as improper fractions: 1 3 2 % - Z : ;2 = Z X g
Now cancel down across your fractions and multiply. :
8 divides by 4, so you can cancel these down. 74 xg 17 X % 1:,?
Dividing by a Fraction — Flip It and Multiply
1) To divide by a fraction, just
turn the fraction you're dividing EXAMPLE: Calculate % = -1—%
by upside down, and change
the divide sign to a multiply. Flip the second fraction and multiply. Make sure
2) Just like before, turn mixed you do any cancelling you can before multiplying.
numbers into improper fractions 16 divides by 8, so you can cancel these down:
and do any cancelling before 3.7 3 °¥ _3 2_6
you start. 8""16_/8’1x7 AT

The Denominators need to Match for Addition and Subtraction

1) In order to add or subtract fractions, the denominators must be the same. So you have to
find the lowest common multiple of all denominators (the lowest common denominator).

2) You still need to turn any mixed numbers into improper fractions.
3) Once both fractions have a common denominator, you can add/subtract their numerators.

e T L T D I G L R B B B 5 R O T T
3 ~ You'll need to be confident with all of these rules as -

EXAMPLE: Find 1———. E they're really important for using algebraic fractions. =
-+ g £ 51 69 14 b LB 2 L A B T R T

Convert the mixed number to an improper fraction: 1 % = % %—%

Now they need a common denominator. The LCM of 6 and 4 is 12, so 161 - 3 = %—2—%

This means you can now subtract the numerators: %—% };

Denominators, much like socks, are best kept in matching pairs...

1) Calculate the following, giving your answers as improper fractions in their simplest form:

2 1 1 1 3 11
a) 23 A b) 53 -ZZ C) Z+§ d) 1@4—27

32 23 / _1T\. 1 i e |
e) 15 -79 ) oty Ty 8)(6 7)'2 h) 5 -5 +23
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Section 2 — Basic Algebra

8
Laws of Indices

Indices are Powers

For the value 4°, 4 is the base and 3 is the index. (The plural of index is indices.)
You'll use indices all the time in A-Level Maths — especially for topics like algebra,
differentiation and integration. So make sure you know the laws of indices inside out...

Multiplying Indices = Add the Powers, Dividing = Subtract them

So EE XX =X and Pt

EXAMPLE: a) Simplify a* x a’.

Just add the indices: a* x a*> = a**? = ab.
You can see how this works by rewriting the calculation as one big multiplication:

Adxat=axaxaxax@xa)=axaxaxaxaxa=a°

UGV O LR GO I s
Remember — this law only

works when the two values
have the same base.

50 21 x:27=pu ) St

fine, but you can't use this

rule to work out 24 x 35
e TR R BN T R e

I,

b) Rewrite 4° + 4° as a single power of 4.

This time, subtract the indices: 45 + 43 = 46-3 = 42
Again, you can see how this works by rewriting the calculation:

SR N e
>
(8 T W 2 B B O

EXAMPLE: a) Simplify 8a°> x 2a°.

Both terms have the same base, a, and multiplication is commutative

(which means it doesn’t matter what order you do it in).
So you can rewrite this as: 8 x @> x2 x a®=(8 x 2) x (@>x a®) =16 x a®*® = 16a™"

b) Simplif x—19' % X LRI R U A
) idid} ( ) y3 y = Don't be put off by the /E
Deal with the powers of each base separately: = e s i
Just the base, =
N

— 1 )=ty B8 e — TPyl

r=1P + x=1)*xp’ x y* = (x -

There are Rules for x° and x!

x? =1 for any value of x The easiest way to see this is this with an example:
43 +4° =45-3=4%and4* +4° =1,s04" = 1.

x' = x for any value of x  Again, this is easiest to understand as an example:
43 +42=48-2=4" and4° +-4’=64+-16=4,s04' =4.

Revise more | tell you — sorry all these powers have gone to my head...

1) Simplify the following:
a) b’ x b° b) a° x a x b’ c) ¢ = ¢’ d) 9y'0 = 3y~

4 ﬂ Z3 ¢ ()/’ + 2)5 X 7 - (y g 2)2 g) a(x+2j} X a2x h) x—2y5 5 x5y2

e) iy =iy
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Laws of Indices

To Raise a Power to Another Power, Multiply them

|
\I\Illlllll\lll!lllllll\
a\b — .ab \ S R O o B
So BETE = N

EXAMPLE: Slmpllfy (q3)2' You can see how this works by

rewriting it as one big multiplication:
@V = xq=(qxqxq) x(gxqxq)

= M-
3 graxgxgxgxg=g =
l/nnnunuu:lnl\uunun:um\

e e g
[N Ly

(3 2)

() =¢"*" =¢°

\

EXAMPLE: Express 2° + 42 as a single power.

You need to make the bases the same before simplifying, so rewrite 4 as a
power of 2 using the rule above: 2° + 4% = 26 + (22)2 = 26 + 212x2) = 26 = 24 = 92

Negative and Fractional Indices are a bit Trickier

\\\IIHIIIHIIl\!IllHI\Ill'llll
For a fraction raised to a negative

power, you tum the fraction upside
down, then apply the positive index.

A negative index means ‘1 + the positive power’ —so x™ =

a

X

) i 15 N g
TRERREA

//IIIIIIIHIIIIHIIIHIIIIII\II\\
EXAMPLE: a) Write 3~* as a fraction. b) Write 1 ; < as a power o e
) [ 1 :
3 34781 125=53150m=?=5_3

il
a

a

f a number has a fractional index, this means ‘the root of — so x

EXAMPLE: a) Find 647 without b Find (5] )1T e -
using a calculator. ) Find {55¢ ) without using a calculator.

645 - Yea When you raise a fraction to a power,
you raise the top and bottom to that power:

1 Y 1f 41 1

This is the cube root of 64,

so the answer is 4. (m)T = = =2
(Because 4 x 4 x 4 = 64.) 256 V256

You might have to rewrite the index.

Use the fact that x? = (x%)a,

i ! EXAMPLE: Find 275 without using a calculator.
which is the same as (x“) .

If you get a negative fractional index, use | 2775 = (273" =(3/27)"' =(3)" = 1§
this fact to turn x % into (x5)" or (x)s .

| feel for you — as an editor | know just how bad rewriting an index is...

1) Simplify the following expressions:

a) aO = b—2 b) (4x)x C) 3m % 92 d) (_‘]a_)2 " a_3 e) (%)T
2) Evaluate the following powers without using a calculato]r: | 3 |
24w oo a(E] o (@) ()

3) Express (59)°x(5%) 7% =(57)? as 5 where k is an integer. .
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Multiplying Out Brackets

\\\\IIIIIIHIIIIIIHIIHIlllllll\//

Double Brackets and Squared Brackets = fhese techniques are really useful for

lots of A-Leve| topics — like surds

: _ _ = and solving various t .
1) When expanding double brackets, multiply each term in one set “7iriivivi u'y.p.e,sﬁf‘e,q.u,a.t',o.n,s;

of brackets by each term in the other. If each set of brackets contains two terms,
you can use the FOIL method to make sure you don’t miss any terms:

8 N

EEGINEED

7

Multiply the First term in each set of brackets together, then the two
Outside terms, then the two Inside terms and finally the Last terms.

o0 R 1 o 4 LI B 0 S L o I LY 8 B
Don't make the mistake of just
squaring the stuff inside the brackets.

In general, (a + b)? % a* + b%.
P N T i A v R0 O I O S e T P

2) Write out squared brackets as double brackets and then use
the FOIL method to avoid making silly mistakes.

AARERYAR

U B 2 R B

\

EXAMPLE: Expand and simplify (2x — 4)%.

2x -4y =2x-4)2x - 4) = (2x x 2x) + 2x x —4) + (-4 x 2x) + (-4 x —4)

_ 2 _ 2 e viELECEEE R L
=4x2—8x—8x+ 16 =4x2 - 16x + 16 NEAHAMAII

out brackets, make sure
you simplify at the end —

the x terms combine here. \
BEE Y RN EEN CER RS

I

- -

/Huilu\\

UL

Triple Brackets

1) You can think of triple brackets as double brackets multiplied by one more set of brackets.

2) So, use the double bracket method on two of the sets,
then multiply the result by the remaining set of brackets.

3) You'll probably end up with more than two terms in your ‘result’, so you won’t be able
to use the FOIL method for the last bit. Instead, you should break up the shorter set of
brackets so that each of its terms is multiplied by the second set of brackets separately.

4) Then multiply out each of the new sets of brackets one at a time.

EXAMPLE: Write (x + 5)(x — 1)(x + 2) as a cubic expression.

x+5)x-—1Dx+2)=xx+5) P +x-2)=x(x*+x-2) + 5(x* + x - 2)
=P +x2-2x)+ B2 +5x-100=x+6x%2+ 3x-10

Brackets can have More Than Two Terms

At A-Level, you might be asked to multiply out sets of brackets with more than two terms.

As usual, you need to multiply every term in the first set of brackets by every term in the second.
The method for this is just the same as stage two of the triple bracket method above —

multiply each term in the shorter set of brackets by the other set separately.

EXAMPLE: Expand and simplify the expression (x> = 5x — 1)(x + y + 1).

W =5x-1Tx+y+1)=x*x+y+ 1)+ B)x+y+ D+ =Nx+y+1)
=0 +x2y+x?) +(-5x*=5xy-5x) + (~x—-y—-1)
=x3+x¥y-4x?-5xy-6x—-y -1

Quintuple brackets — just pack it all in and go home...

1) Multiply out each of these sets of brackets:
a) W+3)y—-6) b) (@a=-3)b+4) c) p-1p-2q9° d) (s*+s+2)2s*—2s + 4)
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Factorising is Putting Brackets Into an Expression

Factorising means finding common factors that are in each term in an expression. You can take
common factors outside a set of brackets to rewrite an expression. It's a handy skill that’s used

all the time in A-Level Maths, e.g. in algebraic fractions and solving quadratics and cubics.
1) You have to spot common factors in each term. These then come out to
the front of the expression, and you put what’s left in brackets.

2) Make sure that after you've finished factorising,
any sets of brackets can’t be factorised any more.

l\\\l\IH\\H\HIIl\ll'\\\.l\ll///
Check your answer by mul’c.lply|'r|g
the brackets out again — if it's right,

v

v I B B R

PALR L A

: ack where you started...
R T
EXAMPLE: a) Factorise 14x + 21xy. b) Factorise 16x> + 4x?— 4x.
14x + 21xy = 7x(2 + 3y) 16x° + 4x*—4x =4x(A@x*: + x-1)

At A-Level, you might see expressions where the common factor is a set of brackets.

EXAMPLE: Factorise 3x(x + 2) — 4(x + 2).

(x + 2) appears in both terms of the expression, so it's a common factor:
3x(x+2)-4x+2)=x+2)3x-4)

The Difference Of Two Squares is One Square Minus Another

Any expression of the form a? - b2 is called the difference of two squares.
It can be factorised really easily using this result:

o L A O PR T B W B e
This result is used all the time to solve quadratics =

and cancel down algebraic fractions, so you need

to be able to spot when you can use it.
4 B 1 1 5 I O T TR R

a’*—b’= (a + b)(a - b)

You can see why this works by multiplying out (a + b)(a — b):
@+ b)a-b)=a’*—ab + ba-b*=a*-ab + ab - b*= a* - b°.

W,

£

EXAMPLE: a) Factorise x*— 25. b) Factorise 4x*> — 81.

a=xandb =5, s0x*—25 =(x + 5)(x-5) 4x? = (2x)?, s0 4x*— 81= (2x + 9)(2x - 9)

f the number isn’t a square, you can write it as a square root squared (see the next page).

EXAMPLE: Factorise x? — 3)°.

3% = (/3 )2, so using the difference of two squares: x2— 312 = (x +v/3y)(x =3 y).

X-Factorising — warbling live on telly to earn the public’s affection...
1) Factorise the following expressions:

a) 20x°— 4x b) 8x%y + 28x)” c) 3wa’ + 4wab + 2wa d) bxilx—=1)=2x(x—1)
e) x>’-9 f) 9x2— 25 g) p*—49¢° h) v?— 7u?
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Surds are the Square Roots of Non-Square Numbers

Irrational numbers that can be written as roots (v ) are called surds.
You need to be able to deal with them when working with quadratics, cubics and vectors.

There are Rules for Manipulating Surds

1) \/Ex\/gzq/axb \\IIHHH\I\HHII\IIlll”ll'\\l\lllllll/
= Be careful — ﬁ+/— b doesnt equal va+b. -
- ZEO T T g R
2) a=(/a)=Yava
\/E_ a ANCENCES VT A LRSI B v v
3) \/Z Vb Z _This is just the difference of two squares with surds. —

/lll!ll|l\|H\|lI\\l\\lll\llllllH\lllHl\\_\-

4) (a+yb)a—vb)=a’—ayb+a/b—(/b)*=a*—b

EXAMPLE: a) Simplify /27 +54/3 . b) Expand and simplify (2++/2)'.
/27 +5/3 =/9%x3 +53 Multiply out the brackets using FOIL:
=/9xy3 +5/3 (2+v2) =(2+v2)(2+2)
=3/3+5/3=8/3 =4+2y/2+2/2+y2y2
=4+4/2+2=6+42

Surds in the Denominator should be Rationalised

If there’s a surd on the bottom of a fraction, you need to get rid of it. To do this, you multiply
the top and bottom of the fraction by an expression that will give a rational number in the
denominator. This is called rationalising the denominator.

EXAMPLE: a) Rationalise the denominator of \/\/—- b) Show that ‘/7"‘ 5 =9y5.
You need to multiply top and bottom by something /80 =165 = 44/5 and
that will make the denominator rational —
25 _ 2545 2545
/5 will work because vava = a: \/%=‘/§\/§= 5 =5\/§,SO:
2/2 _2/2y5 2410 25
/5 - /5J5 5 /80 7 4y/5+5/5=9y/5

Little Miss Muffet, she sat on a tuffet. multiplying her surds by Va...
/120

1) Simplify the following: a) 224 +3/96 b) J157/2 o) (1+vx)y-2vx
2) By rationalising the denominator, show that \/% = %

3) One side of a square is v/7 ++/12 cm long. Calculate the square’s area.
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You can Rationalise more Complicated Denominators

You’'ll need a slightly different method for rationalising more complicated denominators.
1) Just like before, you multiply the top and bottom of the fraction by the same expression.

2) The expression you need to multiply by is just the denominator with the
opposite sign in front of the surd.

) . : 3
EXAMPLE: Rationalise the denominator of 1472 -

The bit you want to rationalise is 1+ /2, so multiply the top and bottom by 1—/2 :

3 ___30-v2) __3-3Y2 G 01 e i e o ke k.
1 +\/§ (1 +\/§)(1 —\/5) 12—(\/5)2 — on the previous page: (a+«/z)(a- «/-b_)'-‘az- b,
. with a =1 and b = 2. You could also just
3 _31\/5 ~3./2-3

R AT S A

multiply the brackets out. k
IHIHHIII\IIIHIIHHllll\llIl\lIII\IIHT

\\IIHI

This trick also works when there’s a number in front of the root in the denominator.
Just choose an expression with the opposite sign in front of the number multiplied by the surd.

3+,5

EXAMPLE: Rati lise th ' f .
ationalise the denominator o 31205

Although this looks harder, just do the same thing.
The denominator is 3 +2+/5, so multiply the top and bottom by 3-2+/5:

3+y5 _ (3+v5)(3-2y5)
3+2/5 (3+2/5)3-245)

_3"-6V5+3Y5-2(/5) -
Multiplying out these brackets is

2N
= — 2 =
- i _ / = S
3°—645 +6+5 (2 5 ) = quite tricky, so take your time and
= don't skip any steps. See p10

/7
-

EYEEY Ty

_9—3\/5—2X5 for more on multiplyin

— 027 xE //nlluelvourlnl\tﬁ{tag/??flbr?clk:eftsf\\\
_-3y5-1 _3/5+1

To-11 T 11

But v b surprised her, snuck into the divider, and ruined Miss Muffet’s day...

1) Rationalise the denominators of the following:
a) — py Y10
1-v5 4+/40
/3
2

2) Using the fact that sin 60° = —5—

C)1+J7 d)2+2J§
5 +4/7 2-2./2

4 e
. show that the exact value of T—2<in60° 'S 2-2/3.
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Solving Equations

Use the 6-Step Method to Solve Equations

Lots of A-Level Maths requires you to be able to solve equations. The basic skills covered
here crop up loads in differentiation, trigonometry, and solving quadratics and cubics.

To solve an equation, follow the steps below — you can ignore any steps you don’t need.
This method works for any variable — but if you're solving for x:

1) Remove any fractions by multiplying by the denominator(s).

2) Multiply out any brackets (see page 10).

3) Collect all the x-terms on one side and all the number terms on the other.
)
)
)

i

3y combining like terms, reduce it to the form ‘Ax = B'.

U1

-inally, divide both sides by A. This gives your answer ‘x =".

°)

f you had ‘x* =" instead, square root both sides to end up with x = + .

EXAMPLE: Solve %’i + X =7x

1) First, get rid of the fractions. Multiply by 3 and then 4 to cancel the denominators:

3><43><2x +3><4x4(4—x) =3x4x7x,50 8x + 3(4 —x) = 84x

2) Next, multiply out the set of brackets: 8x + 12 — 3x = 84x
3) Now collect the x-terms on one side of the equation
and the number terms on the other: 12 = 84x — 8x + 3x

4) Combine like terms: 79x = 12 AT A AR
12 I You dont need Stgp 6 —

VI - = e there's no x“ term.. —

5) And divide by 79 to getx = =g = Boause EiEE O (i

Here are a couple more examples — both have a squared term to deal with,
so you'll need to use step 6 of the method above.

Remember, when you take the square root of a L B N B T G e B R B L o o L B N

number the answer can be positive or negative, =~ = >¢ careful — the context of a question might = =
: ; S — mean only one of these answers will make sense. =
so the equation will have two solutions. 17z L LW P AT 8 R O LT B T L O
EXAMPLE: a) Solve 3x(x + 4) = 12x + 6. _12
BiSolve 5a =——.

Multiply out the brackets: 3x* + 12x = 12x + 6
Simplify: 3x* +12x-12x =6
= 38r =6
Divide by 3: x* =2
Take the square root: x = /2

Multiply by a to get rid of
the fraction: 5a? = 125

Divide by 5: a? = 25
So,a=+y25=+5

What does a square Dalek say? x*-term-inate*...

1) Solve each of the following equations:
i ] qlq+7)

a) 42x-3)=7x b)) 3x+14)=x+12 C) 3 £ =1 d) 5 —q=4-¢q

2) The sides of a square are x cm long. The area of 17 of the

square is 25 cm*. How long are the sides?

*I'm so sorry.
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Rearranging Formulas

The Subject of a Formula is the Letter on its Own

1) If a formula has a single letter on one side of the equals sign, this letter is known as
the subject of the formula. For example, y is the subject of the formula y = mx + c.

Sometimes you’ll need to rearrange a formula to make a different letter the subject.

You'll use this a lot in the mechanics sections of A-Level Maths, especially
with constant acceleration formulas, so make sure you've got it learned.

Use These Handy 7 Steps to Rearrange Formulas

1) Square both sides to get rid of any square roots.

)

) Multiply by the denominator(s) to get rid of any fractions.
) Multiply out any brackets.
)
)

UGl & W NN

(or

Divide both sides by A to give ‘x =".
7) If you've got ‘x* =’, square root both sides to get 'x = + .

R B o e T R R S AN

This method is the same as the one =
. !

for solving equations — so youve

already had some practice at it.
/llllll\lll\lllll\lll||\|!ll\\\

)

LG

Collect all the subject terms together on one side and all non-subject terms on the other.

By combining like terms, reduce it to the form ‘Ax = B'.N""""""'“'H'Hm'm
You might have to do some factorising to get it in the right form.

= Remember, x is the subject here.
= A and B could be numbers or

- letters (or a mix of both). -
o T B e B N T TR T 1 e T

YLD

EXAMPLE: Make n the subject of the formula \/ L Z 3 —om.

n-=3

First, square both sides to get rid of the square root: -

Then multiply by a to get rid of the fraction:

n+ 3 = 4am?

Finally, collect all the terms without an » on the RHS by subtracting 3: n = 4am? - 3

=4m’

f the subject appears more than once in the formula, then you'll

need to do some factorising.

There aren’t any square roots or fractions, so go straight to
multiplying out the brackets: a*+ b*> = 3a - 3b + a* — ab.

Gather all the terms containing a on one side, and everything
else on the other side: a* —3a — a* + ab = -3b - b*.

This can be simplified to -3a + ab = -3b - b°.

Take out the common factors a on the LHS and
—b on the RHS to give: a(b - 3) =-b(b + 3)

—b (b + 3)

EXAMPLE: Make a the subject of the formula a* + b* = (3 + a)(a - b).

Finish off by dividing both sides by (b — 3) to get a = b—3

VL L
QUL VGV

= (b - 3) is the same as (-3 + b),

!
~ just rewritten because Its r\ea’cer.|
’/\I\l|\|lu|||\|u\|\n|n|\

71111\

Loyal subjects | doth command thee — moveth to yonder side of the ='...

1) a) Express a in terms of b, given that b(a + 2) = 4.

2x%-=3
=1

2) a) Make x the subject of the formula y =

b) Make ¢ the subject of s =

b) Make ¢ the subject of f'= %c + 32.

e

u
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